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Abstract. Inverse problem relatively domain for the plate under across 
vibrations is considered. The definition of s-functions is interoduced. The 
construction for defining of the domain of the plate by given s-functions is 
offered. 

Plates are elements of the constructions, which are widely used in various 
technical solutions. In this connection investigation of the different charac- 
teristics of the plates is one of the actual problems of the optimal projecting 
theory [1]. We consider the problem of finding of the form of the plate un- 
der across vibrations by given characteristics of the system- inverse problem 
relatively domain. 

In traditional inverse spectral problems by given some experimental data 
(scattering data, normalizing numbers etc.) the potential is reconstructed 
or the necessary and sufficient conditions are proved providing unequivocal 
determination of the seek functions [2]. 

In differ from this, inverse spectral problem relatively domain has another 
specification. Firstly, these problems require to find rather a function but 
domain. Secondly, the choice of data (results of the observation), sufficient 
for reconstruction of the domain is also enough difficult problem [3-4]. 

Let D be the domain of the plate with boundary Sn. 

It is known [1] that the function u {xiX2, t) describing across vibrations 
of the plate satisfies equation 

Assuming the process stabilized the solution - eigen-vibration is seeking 

as 

ti;(xi, X2, t) = u{xi, X2) cos At, 
where A-is an eigen-frequency. 
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Substituting to (jT)) we get 



= Xu, xe D, (2) 

where = AA, A- Laplace operator. 

For different cases different boundary conditions may be put. The object 
under investigation is the freezed plate with boundary conditions 

u = 0, ^ = 0, xeSo, (3) 

here D & -bounded convex domain with boundary So & C^. It is known 
[5], that eigen-frequency Aj - is positive and may be numbered as < Ai < 
A2 < •••• The set of all convex bounded domains D E E'^ we denote by M. 
Let 



K = {d e M : Sd e C^} , 

where C*^ is a class of the piece-wise twice continuous differentiable functions. 

K may be defined by various ways, for example, by fixing of area or length 
of boundary, or by condition Di G D G D2, where Di, D2 G M are given 
domains. The problem is: To find a domain D G K , such that 

l^^^^ = s,{x),xGSo,J = l,2,..., (4) 

where uj (x) and Aj are eigen-vibration and eigen-frequency of the problem 
(0)-© in the domain D correspondingly, Sj (a;)-given functions. Note that 
Sj (x) , j = 1,2, ... we call s-functions of the problem (0),©- 

In [6] the following formula is obtained for the eigenfrequency of the 
freezed plate under across vibrations 

A, = ^max / PD{n{0)ds, (5) 

Sd 

where Pd (x) = (^2;) , x G E"'—is a support function of D, and max 

is taken over all eigen-vibrations uj corresponding to eigen-frequency Aj in 
the case of its multiplicity. As we see, the boundary values of the function 
|AMj (a;)|^ unequivocally define Aj. From © considering © we get 
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I S,{OPDinix))ds = A, i = l,2,... (6) 

Sd 

This relation is basic for solving of the considering problem by given s- 
functions. 

Now we prove the lemma that will be used in further. 
Lemmal. Let f{x) be continuous function on Sb- Then for any 

A, D2eK 

J f{n{0)d^= J f{n{0)d^+ J (7) 

where D1+D2 is taken in the sence of Minkovsky i.e. D1+D2 = {x : x = Xi + X2, x-^ G Di, X2 G D2}, 
B-unit sphere. 

Proof. It is known, that / (x) may be continuously, positively defined 
extended over all the space and presented as a limit of the difference of two 
convex functions [7] 

/ (x) = lim^ [gn (x) - K {x)] . (8) 
Not disrupting integrity we can write 

f{x)=g{x)-h{x), (9) 

where g (x) , h {x) are convex, positively defined functions. 

It is known [8] that for any continuous, convex, positively-defined function 
P{x) there exists the only convex bounded domain D such, that P (x) is a 
support function of D, i.e. P {x) = Pd{x). The opposed statement is also 
true. It is also known that D is a sub differential of its support function at 
the point a; = 

D = dP{0) = {I e E"" : P (x) > (/, x) , Vx G . 
So there exist the domains Gand H such that 

g(x) = Pcix), h{x) = Ph{x),x G B (10) 
Considering ©, (HD)) we get 
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/ f{n{x))ds = J [g{n{x)) - h{n{x)))ds] = 
= / PG{n{x))ds~ J PH{n{x))ds. ^ ^ 

As [6] for any Di,D2 

I PD2{n{x))ds= I PD-Mx)))ds (12) 

Sdi Sd2 

from (fTT|) one mav obtain / f{n{x))ds= J P£)-^^D^{n{x))ds— J PD-^+D2{n{x))ds. 

SD1+D2 Sh 

As Pdi+D2 (x) = Pdi (x) + Pd2 [x) [8] applying dE)) again we get (0). 
Lemma is proved. 

Now we investigate the main problem of the work- reconstraction of D 
by given s- functions. 

Let B C E"^ and Sb- its boundary. By ipkix) , = 1, 2, .. we denote some 
basis in C (S'B)-space of continuous functions on Sb- These functions may 
be continuously, positive homogeneously extended to . It may be done as: 

~^^^^^U,{^)-\\x\\,xeB,x,^0, ^^3^ 

One may test, that these functions are continuous and satisfy the positive 
homogeneity condition 

ipj{ax) = aipk{x),a > 

Not disrupting integrity we can denote tpj (x) by ipk (x) . 
Thus we obtain the system of continuous, positive homogeneous functions 
defined on B. 

As we noted above each positive homogeneous, continuous function ipj (a;)may 
be presented in the form 

^k{x) = lim [^^(x) - /i^(x)l (14) 
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and there exist satisfying above mentioned properties domains and 
such, that 



9n (x) = Pg^„ (x) , K{x) = Pm{x)- (15) 
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These domains we call basic domains. Substituting these into (fT^ we get 
ipk (x) = Um (x) - PIju . (16) 



For similarity let's suppose that 

Lpk {x) = Pqu (x) - Pfffc (x) , (17) 

where G'^and are closed, bounded convex domains. 

As n{x) e Sb, for any x G Sn, we can decomposite Pd (a^), x G 5^ by 
basic functions {x) 



Pd{x) = ^otk^Pk{x).,x e Ss.a e R. (18) 
fc=i 

Considering (jl7|) from this one may get 

oo 

Pd{x) = ^ak{PGk{x) - PHk{x)), X e Sb- (19) 

k=l 

The set of all indexes for which > (a^ < 0) denote by (-^ )• 
Then the relation (fT^ may be written as 

oo 

Pd{x) = ^akipk{x),x e SB,a e R (20) 

k=l 

From last taking into account the properties of support functions [8] we 
obtain 

kel- k£l+ kel+ k&I- 

The use ()20|) and the lemma give 

/ s,{OPD{n{i)di+ J s,iOPDim)dC+ 

J2 (-afc)-S'Gfc 

+ J s,iOPDHOdC= I s,iOPDin{Cm+ 
+ ''^ I s,{0)PD{nmdr 

k£I- 
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From this considering (|7|) we have 



oo 




(21) 



- / s^iOPoHOd^ =4. 



Substituting here (fTHj) one may get 



oo 



Ak,m U) O^kOim = 4:, j = l,2, 



(22) 



k,m=l 



where 



Ak,mU) = I ^ji^) [PG"^{n{x)) - P/^m(n(x))] 
- J Sj{x) [PGm{n{x)) - PH^in{x))] ds. 



The equation (j221) has, generally speaking, no only solution. The function 
Pd (x) is reconstructed by the help of the solution of this equation using (fTH|). 

As we noted above domain D is unequivocally defined by its support 
function Pd (x). Suppose that has the only solution providing convexity 
of the support function of D. 

Let's show that the expressions = 1,2, for the problem (j21), 

Q in the reconstructed by the help of this solution using (fTH|) domain D 
indeed are s-functions. Really, if D is a domain in which the problem (j2)), 
(13 has given by formulae ()18j) s-functions then decomposition D by formulae 
(fTKjl and making above done transformations we get the equation (j22I) with 
the same coefficients. 

From the assumption that this equation has the only solution, it follows 



If (j22j) has more than one solution then the searching domain is in among 
the ones, constracted by (fTH|) using these solutions, providing convexity of 
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